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In this note, we prove that the generalized Auslander-Reiten conjecture is preserved under derived 
equivalences between Artin algebras. 



< 

p£ 1 Introduction 



In the representation theory of Artin algebras, one of the most important open problems is the Nakayama 
conjecture which predicts that an Artin algebra A is self-injective provided that all terms in a minimal injective 
resolution of A are projective. Mueller ifTTI in the late sixties proved that the Nakayama conjecture holds for 
every Artin algebra if and only if for any Artin algebra A any finitely generated generator-cogenerator M, the 
vanishing Ext^ (M,M) = 0, for n > 1, implies that M is projective. In this connection and based on Mueller's 
result, Auslander-Reiten proposed several stronger conjectures, and in particular the following: 

(ARC) Let M be a finitely generated module over an Artin algebra A such that Ext l A (M,M) = = 
Ext^ (M,A), for i > 1. Then M is projective. 

The above conjecture, widely known as the Auslander-Reiten Conjecture, implies the Nakayama conjec- 
ture, and, as Auslander-Reiten proved, it holds in all cases where the Nakayama conjecture is known to be 
true. It should be noted that the above conjectures, which are trivial consequences of the finitistic dimension 
conjecture, are still open. Auslander-Reiten conjecture has been verified for some special classes of Artin 
algebras and commutative Noetherian rings lf3l [T9ll2~Tll . 
^ . In this note, we consider the following generalization version of Auslander and Reiten conjecture which 

can be stated as follows: 

(GARC) Let A be an Artin algebra. Let X be a finitely generated A-module and r a non-negative 
integer. If 

Exti (M,M) = = Ex4(M,A), 

for i > r, then proj.dim(X) < r, where proj.dim(X) is the projective dimension of X. 

In case r = 0, (GARC) is (ARC). In lfl9ll . the generalized Auslander-Reiten conjecture holds for Artin 
algebras for which any finitely generated module has an ultimately closed projective resolution. It also holds 
for all algebras which satisfy the Auslander-Reiten conjecture. In [20], it was proved that the generalized 
Auslander-Reiten conjecture is stable under tilting equivalences. 

The aim of this note is to show that the generalized Auslander Reiten conjecture is preserved by derived 
equivalences, as it was done for the finiteness of finitistic dimension conjecture lfl~4ll . Then we generalize the 
main result of [20], answering in the affirmative a question of Wei. 
Our main result reads as follows: 
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Theorem 1.1. Suppose that A and B are Artin algebras. Assume that A and B are derived equivalent. Then 
A satisfies the generalized Auslander-Reiten conjecture if and only if so does B. 

In view of the importance of the Nakayama conjecture and the (Generalized) Auslander-Reiten conjec- 
ture, it is highly desirable to have as much as possible information about classes of algebras satisfying the 
conjectures. The main result indicates that the validity of the generalized Auslander-Reiten conjecture for 
an Artin algebra depends on its derived equivalence class and in this way one produces further classes of 
algebras satisfying the conjecture. 

The contents of this paper are organized as follows. In Section 12 we recall some definitions and 
notations on derived categories and derived equivalences. In Section [3l we prove our main result, Theorem 

o 
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2 Preliminaries 

In this section, we shall recall some definitions and notations on derived categories and derived equivalences, 
and basic results which are needed in the proofs of our main results. 

Let srf be an abelian category. For two morphisms a : X — > Y and [3 : Y — > Z, their composition is 
denoted by ocp\ An object X € £/ is called a additive generator for £f if add(X) = where add(X) 
is the additive subcategory of srf consisting of all direct summands of finite direct sums of the copies of 
X. A complex X* = (X',d' x ) over stf is a sequence of objects X' and morphisms d' x in srf of the form: 

► X' ^ X i+l X i+1 •■ such that d'd i+i = for all i e Z. If X* = (X\d x ) and Y* = (Y\d\) 

are two complexes, then a morphism f : X' — > Y' is a sequence of morphisms f : X' — > Y' of srf such that 
d' x f l+1 = f'd' Y for all i € Z. The map /* is called a chain map between X' and Y*. The category of complexes 
over si with chain maps is denoted by ^(sf). The homotopy category of complexes over srf is denoted by 
J^(£/) and the derived category of complexes is denoted by *2l(&4). 

Let R be a commutative Artin ring, and let A be an Artin /?-algebra. We denote by A-Mod and A-mod 
the categories of left A-modules and finitely generated left A-modules, respectively. The full subcategories 
of A-Mod and A-mod consisting of projective modules and finitely generated projective modules are denoted 
by A-Proj and a2\ respectively. Denote by \X >r the category of A-modules X satisfied Ext^(X,A) = for 
i > r, where r is a non-negative integer. Particularly, if an A-module X satisfies Ext^(X,A) = for i > 0, then 
X is said to be a Cohen-Macaulay A-module. 

Recall that a homomorphism / : X — >• Y of A-modules is called a radical map provided that for any A- 
module Z and homomorphisms g : Y — > Z and h : Z — > X, the composition hfg is not an isomorphism. A 
complex of A-modules is called a radical complex if its differential maps are radical maps. Let (A) and 
,J€ b {A) denote the homotopy category of bounded above and bounded complexes of A-modules, respectively. 
We denote by £$~(A) and <3> b {A) the derived category of bounded above and bounded complexes of A- 
modules, respectively. 

The fundamental theory on derived equivalences has been established by Rickard ifHIl . 

Theorem 2.1. [75,Therem 6.4] Let A and B be rings. The following conditions are equivalent, 
(i) @ b (A-Mod) and @ b (B-Mod) are equivalent as triangulated categories. 
(//) J^~(A-Proj) and J^~(B-Proj) are equivalent as triangulated categories. 
(Hi) J£^(A-Proj) and J^(fi-Proj) are equivalent as triangulated categories. 
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(iv) Jf b (A^P) and Jf b {B^P) are equivalent as triangulated categories. 

(v) B is isomorphic to End^b^(T') for some complex T' in J^ b (A(P) satisfying 

(1) Hom S)b(A) (T',T 9 [n])=Oforalln^O. 

(2) add(r*), the category of direct summands of finite direct sums of copies of T', generates 
J^ 1 '(a'P) as a triangulated category. 

Remarks. (1) The rings A and B are said to be derived equivalent if A and B satisfy the conditions of the 
above theorem. The complex T* in Theorem 2.1 is called a tilting complex for A. 

(2) By |[T5l Corollary 8.3], two Artin P-algebras A and B are said to be derived equivalent if their derived 
categories S$ b {A) and S$ b {B) are equivalent as triangulated categories. By Theorem 2.1, Artin algebras A and 
B are derived equivalent if and only if B is isomorphic to the endomorphism algebra of a tilting complex T*. 
If T* is a tilting complex for A, then there is an equivalence F : S) b {A) — > 3l b {B) that sends T* to B. On the 
other hand, for each derived equivalence F : 3> b (A) — > & b (B), there is an associated tilting complex T' for A 
such that F(T') is isomorphic to B in & b {B). 

3 Generalized Auslander-Reiten conjecture is invariant under derived 
equivalences 

In this section, we shall prove Theorem ll.il 

We shall give the proof as a sequence of lemmas. 

Now we suppose that A and B are Artin algebras. Let F : S> b {A) — > & b {B) be a derived equivalence 
and let P* be the tilting complex associated to F . Without loss of generality, we assume that P* is a radical 
complex of the following form 

-»• P~" -»• P~" +1 -»• ► P~ l -> P° -»• 0. 

Then we have the following fact. 

Lemma 3.1. [7,lemma2.1] Let F : S) b {A) — > 3> b {B) be a derived equivalence between Artin algebras A 
and B. Then there is a tilting complex P' for B associated to the quasi-inverse ofF of the form 

-> P° -> P 1 ► P"" 1 P" 0, 

with the differential being radical maps. 

Suppose that X' is a complex of A-modules. We define the following truncations: 

T>i(X*) : ^0^0 ^X 1 -^X 2 

T<o(X # ) : >X~ l ^X°^0^0---. 

The following lemma, proved in lfl4l Lemma 2.1], will be used frequently in our proofs below. 

Lemma 3.2. Let m,t,d <E N, X',Y' e X b {A). Assume that X' = for i < m, Y j = for j > t, and 
Ext 1 {X\Y j )=0 for alii J G N and I > d. Then Hom^t {A) (X* ,Y'[l}) =0forl >d + t-m. 

The following lemma is inspired by fT2l lemma 3.3], we have a variation. 

Lemma 3.3. Let F : Qs b {A) — > & b (B) be a derived equivalence between Artin algebras A and B, and let 
G be the quasi-inverse of F. Suppose that P* and P* are the tilting complexes associated to F and G, 
respectively. Let r be a non-negative integer. Then 

(/) ForX X >r , the complex F(X) is isomorphic in S> b {B) to a radical complex P% of the form 

()->•/§-►/£-► — ► p^t 1 -tP»->o 
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with P% X >r and P l x projective B '-modules for 1 < i < n. 

(ii) For Y €5 X >r , the complex G(Y) is isomorphic in Ql b (A) to a radical complex P* of the form 

-> P Y " -¥ P Y " +1 -> ► P Y 1 -»• Py^ 

w/?/z PjT" X >r awcf P y projective A-modules for —n + 1 < i < 0. 

Proof. We only to show the first case. The proof of (ii) is similar to that of (i). 

(i) For an A-module X with Ext^(X,A) = for i > r, by Q Lemma 3.1], we see that the complex F(X) 
is isomorphic in @ b (B) to a complex PjJ of the form 

()->•/$->•/$->• ► P| _1 ->• P| -> 0, 

with P| projective fi-modules for i > 0. We only need to show that Ext^ >r (P|,B) = 0, that is, Ext> B (P$,B) = 
for i > r, where r is a non-zero integer. Indeed, there exists a distinguished triangle 

P+^P'^P°^P+[1) 

in Jf b (B), where P% denotes the complex T>i(P£). For each i € Z, applying the functor Hom^b^(—,B[i]) 
to the above distinguished triangle, we get an exact sequence 

• • • ^ Hom^ (B) (P+[l],fi[/]) Hom^ (B) (P°,fi[/]) Hom^ (B) (P|,B[/]) 

^Hom^ (g) (P+,B[i]) ->■•••. 

On the other hand, Hom^i / B ) (P% , B [i] ) ~ Hom ^s ( B j (P^ , B [/] ) = for / > r. By Lemma l3T2l and End^ (X , A ) = 
for i > r, we get Homgbr B \(P£,B[i]) ~ Hom^&M)(X,P*[i]) = for all i > r. Consequently, we get 
Hon%&( g -)(P]f = for all i > r by the above exact sequence. Therefore, 

End^(P|,B) ~Hom^ (B) (/f ,B[i]) =0, for / > r. 

This implies that P| e B X >r . □ 

Choose an A-module X Ga X >r , by Lemma [331 we know that F(X) is isomorphic in @ b (B) to a radical 
complex of the form 

->F% -)• Pi -> >• P^T 1 ->• Pf -> 

such that P^ GgX >r and P^ are projective B-modules for 1 < i < n. In the following, we try to define an 
additive functor F : \X >r — > sX >r , where \X >r denotes the stable category of aX >y , in which objects are 
the same as the objects of \X >r and, for two objects X,Y in aX >t , their morphism set is the quotient of 
Hom x >r(X,Y) modulo the homomorphisms that factors through projective modules. 

Lemma 3.4. Let F : Q) b (A) — > S> b {B) be a derived equivalence. Then there is an additive functor F : 
aX >r — > B X >r sending X to P%, such that the following diagram 

A X >r $> b (A) / X b (A-proj ) 



F 



F 



BX >r ® b (B) jX b (P-proj ) 
is commutative up to natural isomorphism. 
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Proof. By composing of the embedding functor A X >r £$ b (A) with the localization functor 3> b (A) — > 
£} b (A)/J^ b (A-pm)), we obtain a natural functor A X >r — > S$ b (A)/J^ b (A-pro)). Since the projective A- 
module is sending to zero in @ b (A)/J^ b (A-proj), we get a canonical functor A X >r & b (A)/ 'J^(A-proj). 
There is a functor between S> b (A) and ^ fe (fi) / ,J^ b [B-pro]) which is the composition of F : <3 b (A) — > <2> b (B) 
and the localization functor ® b (B) — > Qi b [B) j ,J€ b (B-pxd]) . Since F is an equivalence, we see that 
.F(J^(A-proj)) = J^(fi-proj) by Theorem 12. 1 1 Thus, there is a functor between Q b (A) / Jt b (A-proj)and 
& '(B) I Jtf b (B-proj) induced by F, which we also denoted by F. In the following, we will show that the 
above diagram is commutative up to natural isomorphism. 

For each / : X — > Y in A X >r , we denote by / the image of / in A X >r . By Lemma 13.31 we have a 
distinguished triangle 

P+^ F (X)4P°'-^P+[1] in ® b (B). 
Moreover, for each / : X — > Y in A X >r , there is a commutative diagram in ® h (B) 



P + 
r x 



a, 



^F{X) — 



F(f) 



■F(Y) 



Jr 



■ P° 



«/[!] 
■P+[l). 



Since Horn ®bi B \(Px ,Py) 



Hom^ (B) (P+, J pO) 



0, it follows that ixF(f)jy = 0. Then there exists a ho- 



momorphism ay : P% — > Py ■ Note that B-mod is fully embedding into *3 (B), hence Py is a morphism of 
B-modules which is in bX >> '■ If there is another morphism Py such that JxPy = F(f)jy, then jx{$f — P/) = 0. 
Thus Py — Py factors through There is a distinguished triangle 

Pk[-l]^X>i(F£[l])*P$[l]±Ph in ®\A). 

Suppose that Py - $' f = gh, where g : X ->• p£[l] and /z : -4 F. Since Hom^ i(A) (T>i(/£[l]),F) ~ 

Horn x b (A)(' z >i(Px [1])'^) = 0, it follows that ah = 0. Then there is a map # : ?x — > F, such that h = bx. 
Thus, we get Py — py = gbx, which implies that Py — Py factors through a projective B-module. Therefore, 
the morphism py in Hom x >< (P£,Py)is uniquely determined by /. 

Let / : X — > Y and g : Y — > Z be morphisms in A X >r . Then there are commutative diagrams as follows: 



a fg 



'X 



■F{X) 



jx 



■F(Z 



Hfg) 
h 



r x 



'"A 



P/* 

, m z 



*/s[i] 



and 



a, 



'r 



■F(X) 



JX 



F(f) 



■F(Z) 



F(g) 



■F(Z) 



JZ 



- p° 



.po 



Illy 



P/ 



«/[!] 

zll] 



mi 



Then we have F{fg)j z = jxfifg and F(f)F(g)j z = F(fg)j z = 7xP/P g - Therefore, jx($fg - P/P, 
By the uniqueness of Py g , we have Py g = Py P g . Moreover, if X is a projective A-module, then by 



0. 

Lemma 
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13.31 we know that F(X) is isomorphic in S! h (B) to a radical complex of the form 







vi— 1 



such that P' x are projective 5-modules for < i < n. Thus, if / factors through a projective A-module, then 
we see that P f also factors through a projective fi-module. 

For each X <E A X >r , we define F(X) := P°. Set F(f) = p/, for each / € Uom XA >r(X ,Y). Then £ is 
well-defined and an additive functor. The last statement is discussed in |[T2l Proposition 3.5], we omit it here. 

□ 

The next lemma is useful in our proof of the main result. 

Lemma 3.5. For X €a X >r , we have: 

For each positive integer k> r, there is an isomorphism 

Pi : Hom nA) (X,X[k}) -> Hom& (B) (F(X),F(X)[k]) 
Here we denote the image of g under p£ by pfr(g). 

Proof. For X X >r , by Lemma [331 F(X) = P x is isomorphic in £$ b (B) to a complex of the form 







5n— 1 



P n x 







with P x X >r . Consequently, there is a distinguished triangle in 3> b {B) 



P + 



P'x 



pm, 



r x 



jn— 1 



pn 
r X 



0. 



where P x is the complex 

For a moiphism / : X — > X[k], and it is easy to see that ixF(f)jx[k] € Hom^b^(P x ,P x [k]) — 
Homj^b^(P x ,P x [k]) = 0. Then there is a map bf : P x — > ^[&], we can form the following commutative 
diagram 



•F(X) 



. p0 



".I 



p~m 



ixlk] 



Hf) 



jx[k] 



F(X)[k]^P x [k] 



■pm 



We claim that the morphism bf is uniquely determined by the above commutative diagram. In fact, if there is 
another map bf such that jxb'f = F(f)jx [k], then we get jx{bf — b'f) = 0. Therefore, bf — b'^ factors through 
Since Hom^ (B) (P^"[l], J P|[it])~Hom jrJ . (B) (P^,^[jt-l]) = 0, we have b f -b' f = 0. Hence, b f = b' f . 
Thus, we define a morphism 

P* : Hom^ (A) (X,X[*]) -> Hom^ (B) (F(X),F(X)[*]), 

by sending f to bf. Next, we will show that p^t is an isomorphism. 

Firstly, it is injective. Assume that P*(/) =bf = 0. Then F (/) [&] = 0, and consequently, F(f) factors 
through P£[k]. It follows that GF(f) factors through G(P x )[k], that is, the map / :X -tX[k] factors through 
G(P£)[k], say / = xy, for some jc : X -> G(P^)[Jk] and y : ->-X[jfe]. Since Hom^ (A) (<2 x ,X) ~ 

Horn x*(A)02x!^O> we deduce that y can be chosen to be a chain map. Set G(P X ) = Q x . Then G(P X ) is a 
radical projective bounded complex Q* x of the form 



Qx l 



Qx 
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where m is a positive integer. Indeed, by the distinguished triangle P x —^P x —> Px Px[^-]> we § et 
H i {G{P^)) = for i > 1, where H'(G(P£)) is i-th cohomology group of G(/£). We claim that 

nom, Jb{A) (X,Q x [k\) ~ Horn^ (A) (X, 

So, it suffices to show that for the complex £?x of the form — > Q x l — > Q x — > 0, we get the result. There is a 
distinguished triangle 

0) Q x l [k\^Q x [k\^Q x [k\^Q x \k+\] in X h {A). 

Applying the functors Hom^( A )(X,— ), Hom^i>( A )(X, — ) to (*), we obtain the following commutative dia- 
gram 

Hom^^G^t*]) ^Uom^ b{A) (X,Q x [k}) ^Hom^^X, Q' x [k]) ^ Wom xb[A) (X 1 Q x l [k + 1]) 

Hom^ (A) (X, Q x l [k]) Hom^ (A) (X,Q x [k\) Hom^ (A) (X, Q' x [k]) ^ Wom CJb{A) {X,Q x l [k + 1]). 

Since End A (X,A) = for i > r, it follows that Ham S b/ A -\(X,Q^ 1 [k+ 1]) = for k > r. Moreover, 
Horn jf b ( A )(X,Q x 1 [k + 1]) =0. We thus get Horn c$ b t A \(X, Q x [k] ) ~ Horn xb t A \(X, Q x [k] ) . Therefore, x is 
chosen to be a chain map. Consequently, we see that f = xy = 0. This shows that is injective. 

Next, we can prove that fit is surjective. For a map b : P x —> P x [k], we have jxbmx[k] 6 
Hom^ b ^(F(X),P x [l]). It follows from Lemma 1331 that 

Rom 3b{B) (F(X),P^[k+l]) ~Hom^, (A) (X,G(PJ)[jfc + l]) = for k > r. 

Then there is a map c : F(X) — > F(X)[k] such that c/x[&] = jxb. Since F is an equivalence, it follows that 
c = F(f) for some / : X — > X[k]. Hence, b = $k(f)- Therefore, is surjective. □ 
We now have all the ingredients to complete the proof of our main theorem. 

Proof of Theorem ll.il We assume that the generalized Auslander-Reiten conjecture is true for B. If X 
is an A-module which satisfies Ext A (X,X) = = Ext A (X,A) for i > r, then it follows from Lemma [331 that. 
FJX) = P x satisfies Ext' B (P x ,B) = for i > r. By Lemma [331 it is easy to see that, for i > r 

Ex4(if,if ) * Hom^ (B) (P|,P°[i]) ~ Hom^ {A) (X,X[/]) = 0. 

Since we assume that B satisfies the generalized Auslander-Reiten conjecture, we see that the proj.dim(P^) < 

r. We can take a projective resolution Pt, of PS. Therefore, by the distinguished triangle P2[— 1] — > P x — > 

x 

P x — >■ PQ, we can take a projective resolution P*-. of P x by the mapping cone of P^, [—1] and P x . Thus, we 

get P*-. € Jtf b (B-pmj). It follows that X ~ G{P X ) ~ G(P*-.). Then it is easy to see that proj.dim A (X) < oo. 

Let — > P s — > > P r — > ► Pq — >X — > be a projective resolution of X. Since Ext A (X,A) = for i > r, 

we conclude that 

-> Hom A (£l r (X),A) -» ► Hom A (P v ,A) -> 

is a split exact sequence. Then, we get Hom A (£F(X),A) is a projective A op -module and consequently, £F(X) 
is a projective A-module. It follows that proj.dim A (X) < r. 
Similarly, we can prove that the converse is also true. □ 

As a corollary of Theorem ll.il we re-obtain the following result of Wei [20, Theorem 3.7]. 

Corollary 3.6. [20l Theorem 3 .7] Let A be an Artin algebra and T be a tilting A-module with End A (r) = B. 
Then A satisfies the generalized Auslander-Reiten conjecture if and only if so does B. 
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